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Stabilityof BarrierBucketswith ShortBarrierSeparations

K.Y. Ng

Abstract

A barrier bucket with very short or zero rf-barrier separation(relative to the
barrier widths) has its synchrotrontune decreasingfrom a very large value
towards the bucket boundary. As a result, chaotic region may form near the
bucket centerand extendsoutward under increasingmodulationof rf voltage
and/orrf phase.Applicationis madeto thosebarrierbucketsusedin momentum
miningat theFermilabRecyclerRing.
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Abstract
A barrier bucket with very short or zero rf-barrier

separation(relative to the barrier widths) has its syn-
chrotrontunedecreasingfrom a very large valuetowards
thebucket boundary. As a result,chaoticregion mayform
nearthebucket centerandextendsoutwardunderincreas-
ing modulationof rf voltageand/orrf phase.Application
is madeto thosebarrierbucketsusedin momentummining
at theFermilabRecyclerRing.

UNPERTURBED BARRIER SYSTEM

During momentummining at the FermilabRecycler
Ring, a barrier bucket with zero barrier separationis
openedto store the unmined particles. At the barrier
width

�������	� 
���
s andheight ��� ��
 kV, the maximum

half bucket height is ������� � 
	����� ��� ��� ���� �!#" $%" � �'&�(
)�	�*�+�
MeV, with nominalbeamenergy � � �-,.� /�0+, GeV,

nominal velocity 1 � ��2
,
2

being the velocity of
light, revolution period

� � �3���	�*�405
s, and slip factor$ �7698.� 8�8+,�,��4


. The synchrotronfrequency is infinite
at the centerof the bucket, and decreaseshyperbolically
with the maximum energy offset �:� to the minimum
value ;=<?>A@ B � �C � � �  ��:� �D� �E
.� 
�/��GFH�48)IKJ

[Eq. (1)]
at the edge. Becauseof the rather slowly decreasing
synchrotrontune towards the bucket edge, fixed points
of parametricresonanceswill exhibit themselves rather
far away from the edgein the presenceof voltageand/or
rf phasemodulation. The implication is that, unlike a
sinusoidalrf bucket, chaoticregions,if present,startfrom
thebucketcenterandextendoutwardwhenthestrengthof
modulationincreases,as illustratedin Fig. 1. This paper
servesasanextractof Ref [1].

Without voltageor phasemodulation,the equations
of motionof a beamparticleareLNM
L�O �P$Q���R � � � ���%S

L �:�L�O � � � � � �
?T
U�V �U M �

� � �
	T V � ! M S
� � & S

where�:� is theenergyoffset,
M

is thearrival timelagging
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Figure1: Left: Synchrotrontuneandharmonicsvs.barrierpene-
trationshowing resonancechainstartsfrom bucketcentertowards
edge.Reverseis truefor thesinusoidalrf bucket on theright.^
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Figure 2: Reduced rf potential i4jNkmlKnporq#s and rf voltagei=qtkmlKnporqtsvuworqyx%i4jNkmlKnporqts#z#xKl .

behindsomeon-energy particle. The barrier voltageand
potentialare ��� V � and ��� ��� V � asillustratedin Fig 2. They
canbederivedfrom theHamiltonian

{ � �|$�!*�:�(& �
 R � ��� � �
6 � ��� ���
?T V ��! M S

��� & S
from whichthemaximumenergyoffset �:� corresponding
to themaximumbarrierpenetration} is obtained:

{ � ��6 " $v"m! �:�(&
�
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	T �

Theaction-anglevariables( ~ S
�

) are,respectively,
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where
� � !�~ S

M & � �� �:� LNM is the generatingfunction.
Thesynchrotrontunecanbederivedeasily:

;D<	!�}�& �
U { �U ~

� ;D<?>A@ B ��� ������
� ;D<+>A@ B

� �
}
�

(1)

VOLTAGE MODULATION

Voltagemodulationis introducedby thesubstitution��� 6v� ���'! �������D�+� ;D� O & , where ;D� is the modulation
tuneand

� � � is the modulationvoltage. TheHamiltonian
receivesaperturbativeterm

� { ��6
� ��� ���
?T V ��! M S

��� & ���D�+� ;D� O ��6
�'� ���?}0?T �D�+� ;D� O
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�	� ��� � � �����

��� � � }� � T �
����� ! 
 � � � ; � O & �5����� ! 
 � � 6 ; � O & S

wherewe haveusedtheexpansion

V � ! M S
� � & �
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Pickingout the

 � :1 resonance,theHamiltonianin a frame

rotatingwith theperturbationbecomes
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Figure 3: Poincaresectionshowing rf voltagemodulationwith ¤.¥ j u§¦Q¨ ¦K©=¥ j at modulationtune (left) ªv«7u¬�¨�®=¯=°�±v² ³ with
excitationof 2:1 resonance,(middle) ª « u�¬=¨�®�¯ °�±v² ³ with no chaoticity. Right: Poincaresectionshowing rf phasemodulationwith¤+orqru:¦Q¨ ¦'¬torq at ª « uµ´=¨¶´D·=©=¯ °	±v² ³ with 1:1 resonanceexcited.

Whenthemodulationfrequency is nearanevenharmonic
of the synchrotronfrequency, the particle motion is per-
turbedseverely with possibleparticle loss. Fig. 3 shows
thesimulationof 100particlesfor 5 million turns(55.7s)
with voltagemodulatedat

�¸��8�� 8+¹
andmodulationtune; � �º
�� 0+8 ;D<�>A@ B . The 2:1 resonanceis evident. Par-

ticles just outside the inner separatrix,
M¼» � 8����½

s,
can be driven to the outer separatrixand get lost. At
high modulationtune ;D� , all


 � :1 resonanceswith � up
to ;D�- �! 
 ; <	>A@ B & will be excited. The half width of an
island chain is ¾+! 6 ~�& � �t� � ¿À�4Á � �  �! � T &*Â ¿ 
?�  �! 0 ;D�(&*Â �
while theseparationbetweentwo adjacentislandchainsis�G! 6 ~A& � �t� � ! 
 � ��� & ¿ ��Ã�4Ä�Å Â

�
. Thusadjacentchainswill

overlaponly when " � "ÇÆÉÈ	ÊC ¿Ë�Ì� �� � Â � which is too big to
be possible.Thustherewill not be any chaoticregion as
is shown in middleplot of Fig. 3 at ; � �Í
�/�� 8+, ;D<�>A@ B and���µ8.� 8�


.

To estimatethe toleranceof the rf voltage modu-
lation, we calculatethe maximum stablebunch areaof
the rf systemby tracking 5000 particles for more than
100 synchrotronoscillations (with referenceto ; <+>A@ B ).
The fractional stable area in units of the bucket area
is defined as the ratio betweenthe number of survival
particlesand the numberof initial particles. The result
is depictedin Fig. 4. It appearsthat the bucket cannot
befilled to morethan95%withoutencounteringbeamloss.

RF PHASE MODULATION

Rf phasemodulationis introducedby
M 6%� M ����N���D�+� ;D� O , The perturbationterm in the Hamiltonian

becomes

� { ��6
� � ��� � � �����

��� � � � �� T � �ÏÎËÐ ! � � � ; � O & �Ñ�tÎÀÐ ! � � 6 ; � O & �
whereusehasbeenmadeof theexpansion

V � ! M S
� � & � � � ��� � � �����

�� T �tÎÀÐ � � �
Pickingoutone� :1 resonance,theHamiltonianin a frame
rotatingwith theperturbationbecomes
{ !#~ S

� & ��6�� ! 6 ~�& � �t� 6 ;D�� ~ 6
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Figure4: Fractionalstablebunchareato bucketareaasfunctions
of voltagemodulationtune,for variousmodulationamplitudes.

The effect of rf phase modulation will be stronger
than the effect of voltage modulation, becauseof the� I � dependency of the resonancestrengths. Simula-
tions of the 1:1 resonanceare shown in the right plot
of Fig. 3 with phase modulation amplitude

�D� � �8�� 8+
?� �
at the modulation tune of ; � � �	�*�4/�¹ ;D<	>A@ B .

Here, the half-width of the island chain is ¾+! 6 ~�& � �t� �� �  T !y��;D�- +; <?>A@ B & ¿ 
	�  '! 0 ;D�-&yÂ � while the separation
between 2 adjacent chains is �G! 6 ~A& � �t� � �)! � �� & ¿ 
?�  �! 0 ;D�(&*Â � . Thus the conditionof overlappingisland
chainsis � Æ

T ! � �Ý� & � ; �<?>A@ B� ; �� S
which is alsotheconditionof evolution into chaos.The3
plotsin Fig.5 arefor phasemodulationamplitude

���µ8.� 8�

at modulationtunes;=� ��
+/.� 8�, S

¹+,.�m�N0
S and

,)�	� 
 �.; < � >A@ B ,
correspondingto 60, 120, and180 Hz. Only oneparticle
hasbeenused. We seethat the chaotic region becomes
larger with highermodulationtune,andthe particlewan-
dersoutsidethebucketeventuallyin thelastplot.

To estimatethetoleranceof therf phasemodulation,
we calculatethemaximumstablebunchareaof therf sys-
temby tracking1000particlesfor about1000synchrotron
oscillations(with referenceto ;D< � >A@ B ), about8.1 min. The
results depictedin Fig. 6 show that the bucket cannot
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Figure5: Poincaresectionsshowing thechaoticregionproducedby tracking1 particlewith phasemodulation¤�u:¦K¨ ¦'¬ atmodulation
frequencies60 Hz (left), 120 Hz (middle), and 180 Hz (right), correspondingto modulationtunes ¯(Þ¸ßàuá¬=·=¨ ¦'â , 58.13, andâ=ã�¨�¬#äQ¯=°	±v² ³ .
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Figure6: Fractionalstablebunchareato bucketareaasfunctions
of phasemodulationtunefor variousmodulationamplitudes.

be stableif it is more than92% filled. We find rf phase
modulationmoredevastatingthanrf voltagemodulation.

SYNCHRO-BETATRON COUPLING

An extradipolefield with anextra bendingangle� O
resultsin a closed-orbitlengtheningof ��ð �òñ � O , ñ
beingthe dispersion.The beamparticlewill arrive at the
rf cavity with a phaseerror � �ó� �:ð � �+ �ð in time.
When this extra dipole field comesfrom the vibration of
a quadrupolewith a horizontalmodulationtune ;D� , therf
phaseerror accumulatesfor roughly half the modulation
periodbeforede-accumulationtakesplace,and the accu-
mulation enhancementenhancementfactor is ! 
	T ; � & I � .
Thustherf phaseerrorwill oscillateat themodulationtune
with theamplitude

��� � �� � �
ñ � O
	T ; � ð

� �� � �
If we wish to fill the barrierbucket up to 92%, we learn
from Fig. 6 that the rf phaseerror has to be less than��ôõ8.� 8�8+8)�

to avoid beamloss.Thisimpliesthattheallow-
ableorbit lengtheningis ��ð �öñ � O �µ
?T ; � � ð � �  � � �¹.� � �-F÷�48)IKø m, wherewe have usedtheRecycler circum-
ferenceð �µ0+0��N/ m andset ; � � ;D< � >A@ B .

A typicalquadrupolesetin theRecycleRingconsists

of two half-quadrupoleseachof length �(ù+ 
Ý��8.�m�N,�� m
separatedby 1 m with a field gradientú � �üûþýÿ  '! û�� & �8�� 8+,�,+Á

m
I �

, where ! û�� & is the rigidity of thebeam.The
half FODOcell is 17.28m long. If thequadrupolesethas
ahorizontaloffset ��� � �% m from thedesignedorbit, the
beamwill seeanextradipolefield � û ÿ � ú � ���A! û�� & , re-
ceive anextra bendof � O � � û ÿ �(ù+ �! û�� & � ú � ���)�-ù ,
and thus lengthenthe closedorbit by �:ð � ñ � O �0�� 8��GF �48)IKø

m, 18.0 times less than the stability crite-
rion derived above, wheremaximumdispersionof

ñ �
�� 
+
)�
m hasbeenused.

Considera truck driven on the serviceroad about
22 m above the Recycler Ring. The stability criterion
will be surpassedif horizontal vibrations are excited in
18 consecutive quadrupolesets with an amplitude of��� �á��

m. The next possibility is the influenceof the
LCW water cooling pumpsof the Main Injector which
sharesthe sametunnelwith the Recycler Ring. Whenall
the208setsof quadrupolesoscillaterandomlyat thenatu-
ral frequency of ;D� R �+ '! 
?T & �µ/.� Á Hz, [4] thelengthening
of the closedorbit will be enhancedby � 
�8+Á� � � � �
times that from one quadrupole. However, the stability
criterion will alsobe enhancedby ; �  �;D<	>A@ B � � �m� times
becauseof the highermodulationfrequency. As a result,
an oscillation amplitude of ��� � Áµ

m will surpass
the stability criterion. Another possibility is the 60 Hz
electrical noise correspondingto the modulation tune; � �ü
+/.� 8�, ;D< � >A@ B . If all the quadrupolesetsareexcited
randomly, an amplitudeof oscillationof ��� � 0�Á  m is
requiredto surpassthestability criterion.
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